and in studies of grazing impact in mechanical oscillators [5] , to mention a few examples. In this paper we give an explanation of these observed bifurcation phenomena.
In the literature dealing with bifurcation theory, it is usually assumed that the dynamical system arises from a differentiable process. On the other hand, systems that are not differentiable on a surface in phase space occur in a variety of physical situations, and this circumstance leads to a rich class of new bifurcation phenomena. Indeed several experimental and numerical studies [1 -6] in systems of this type have reported seeing a new kind of bifurcation. For example, in experimental and numerical studies of self-synchronization of digital phase-locked loops and the chaotic synchronization of digital phaselocked loops [1, 2] , it was observed that there is a transition from a periodic orbit to chaos, and this transition is different from those of maps which are everywhere differentiable. A similar phenomenon was observed in a He-Ne laser [3, 4] and in studies of grazing impact in mechanical oscillators [5] , to mention a few examples. In this paper we give an explanation of these observed bifurcation phenomena.
The purpose of this paper is to study the occurrence of such a new bifurcation phenomenon for a variety of physical models, two of which will be emphasized. In [7] two-dimensional piecewise smooth maps are examined, and a variety of examples are presented. At that time, no physical examples were known. In this paper the maps we investigate are more general than those in [7] . In particular, we treat the physical important case of a squareroot singularity. We obtain a general result on bifurcations of maps that are not differentiable on some surface in phase space. We illustrate this result in numerical experiments.
As an example involving a two-dimensional map, assume that a particle undergoes forced damped harmonic motion: x+2ayx+y x=F(t) for x &x, , with a hard wall at x =x, at which the particle undergoes elastic reflection, ' here F is a periodic function of the time t with period 2m. , a &0 is the damping parameter, and y &0 is the ratio of the driving to the natural frequency for the system. Forced impact oscillators have been intensively studied for several years as examples of nonlinear systems exhibiting complicated dynamics; see [5,8 -11) and references therein. In this case, a curve I in the two-dimensional time-2m surface of section is determined by the condition of grazing incidence of the hard wall, and the derivative of the time-2~m ap has a square-root singularity on I . As a special case, the impact oscillator (1) is considered in [5] To analyze these bifurcations that occur while the fixed point crosses the border, we need the concept of the "orbit index" of a typical periodic orbit [12] . This approach was used in [7] to investigate the bifurcations that occur in the case that the crossing fixed point for twodimensional piecewise smooth maps changes from being a repe11or to a saddle as p crosses zero. We say that an orbit of period p is typical if the Jacobian matrix of the pth iterate of the map at a point of the orbit exists and no eigenvalue of the Jacobian matrix is on the unit circle. Let P denote a typical fixed point of F". Let A be the Jacobian matrix of F"evaluated at I', let m be the number of real eigenvalues of A smaller than -1, and let n be the number of real eigenvalues of A greater than +1. The orbit index I of the fixed point P is defined by [12] 0 ifm is odd I = -1 if m is even and n is odd +1 if both m and n are even .
Assume that there exists a number E & 0 such that (a) E" is an isolated border-crossing orbit with Eo on the border of the two regions R z and Rs, (b) [7] . Using arguments similar to those in [ Fig. 1(b) ].
For -', &a &1, as p decreases towards zero from large positive values, there will be several period addings but these will cease after a finite number of addings, followed by an interval in p extending to @=0, in which the attractor is chaotic, that is, the attractor contains a trajectory consisting of infinitely many points whose Lyapunov exponent is positive [ Fig. 1(b) ]. The number of period addings that occur before the cascade aborts increases toward ao as a approaches -', from above. Figure 1(b 
